2. Dot Product and Cross Product

In this lecture, we will discuss

e The Dot Product
o Definition and Properties

o Geometric interpretation

o

Test for orthogonality of vectors

o

Angle between vectors
o Orthonormal set of vectors
o Vector expressed in terms of orthogonal vectors
e The Cross Product
o Definition and Properties
o Geometric interpretation
o Area of the parallelogram spanned by two vectors

o Volume of the parallelepiped spanned by three vectors

The Dot Product

Definition. Dot Product
Letv = (v1,...,V,) and w = (wy, ..., w,) be vectors in R”, n > 2. Then

VW =vwi + -+ VW GIR
In particular, if v, w € R?, then
v w = (v1i + vaj) - (w1l + waj) = viwy + vaws,
and
v w = (v1i + v + vsk) - (w1l + waj + wsk) = viwy + vows + vsws

if v.and w are vectors in R3,
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Theorem 1. Properties of the Dot Product
Assume that u, v, and w are vectors in R” (forn > 2), and «is a real number. Then

e Vv.-WwW = W -V (commutative)
e u-(v+w)=mu-v+u-w (distributive with respect to addition)
e (au) v =a(u-v)=u-(av) (distributive with respect to scalar multiplication)

e 0-v=0 (0isthe zero vector)

vov=|v]

If v.and w are parallel, then v - w = ||v||||[w]| if v.and w have the same direction,

and v - w = —||v||||w|| if they have opposite directions.

Theorem 2. Geometric Version of the Dot Product
Let v and w be vectors in R? or R3. Then

v-w = [[v]lwl cos6,

where @ is the angle between v and w.
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>
V1% . wsZ=o0
w

Theorem 3. Test for Orthogonality of Vectors
Let v and w be nonzero vectors in R? or R?. Then v - w = 0 if and only if v and w are orthogonal.

Definition. Orthonormal Set of Vectors
Vectors vi,..., Vg (wherek > 2)in R",n > 2 are said to form an orthonormal set if they are of unit length
and each vector in the set is orthogonal to the others.

Theorem 4. Angle Between Vectors

Let v and w be nonzero vectors in R? or R3. Then
cosf = l,
[v{[flwl

where @ is the angle between v and w.

Example 1. Find the angle § between the vectors v = (2,1, —1) and w = (3, —4, 1).

ANS- Since 7. = 2x3 —Ix4 —)%| = |

WV ll= Ja*i+ > =Jg
Wil = J3% 4% > =36

then

6059 = V“V_\; = I = —|
WVI-NWI -6 2427

N 0%
2 02 49 vod
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Theorem 5. Vector Expressed in Terms of Orthogonal Vectors
Let v and w be (nonzero) orthogonal vectors in R? and let a be any vector in R2. Then

a—=ayV+ aww,

a-v

where @y = is the component of a in the direction of v and aw = is the component of a in the

direction of w (or in the direction orthogonal to v ).

Whefl 0(. - (’2 4 , Oa = a?
; Dot Fmdwd's 3:‘1& the  wlae o-f {he  coorolWaes
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Example 2. Check that v = (1,2),and w = (2, —1) are mutually orthogonal vectors and express a = (4, 3)

in terms of v, and w. s
ANS: Since 7. W = [x1~ 2x] =0

4 - —

N vlw
| y B\\/ +he  obove theorem
21 ‘ //a N A -\
v ) =03V + Qg W
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Example 3. Let u = (—2,3,—1)andv = (—1,1,1). Compute

(1) the projection of u along v, and

(2) the projection of u orthogonal to v. . '
ANS {')Bj Hhe fraw ous discug siom .

we know oo

.ﬁ/k«--~u~— A U= 4= v
¥ LR
v '0,)u B I+ 1+ (_,”’l)
o = &Ll

() let V! denote fhe vector ov—fho7m.| to 3
(With the same 16":7'”‘), Then 4% not
harel 4o check

= ” - fo. m -
W {’ " V3

Fm"_u FIZ (“’-)35, ')‘ § (';,/ ,) ,)
i+
=3 (2,8,-7)
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The Cross Product

Definition Cross Product
The cross product of two vectors v = vii + vsj + vsk and w = w1i 4+ wsj + wskisthe vectorc = v X w
in R3 defined by

i j k

.| V2 U3 U1 3 V1 U9
C=VXW=|v; vy wv3|=1 — + k
wy w3 w; w3 wy Wy
w; Wy W3
= (’0211)3 — ’U3’U)2)i — (U1U)3 — ’Ug’wl)j + (v1w2 — ’Ug’wl)k
Example 4. Compute v X wand w X v, if v =i — 2k and w = —2i + 3j — 4k.
. AN
ANS: > 2
> =2 v ] k =0 -2 =) -2 'K | O
Vx W = = 1,‘ i 4
| o0 -2 3 ~4 -1 -4 -2 3
- 3 -4

= 43+2543L

.
- = 1 3 S ~
WxV=ly 3 —¢| = -64-23-3L
| o

. I g;znrzn‘l . % drue
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Theorem 6. Properties of the Cross Product
Let u, v, and w, be vectors in R? and let a be any real number. The cross product satisfies

® Vv X W= —W X V (anticommutativity),

e ux (Vv+w)=uxv+uxw

(u+ V)X w =u x w + v x w (distributivity with respect to the sum).

v x v = 0 (0 is the zero vector in R?)

a(vxw)=(av) xw=v X (aw).

By the definitions of dot product and cross product, we have

Lemma 1. Letu = (u1,u2,us3), v = (v1,v2,v3), and w = (w1, wy, w3), then

Uy U2 U3
u-(vxw)=|vy vy v3
w; w2 w3

Let A be a matrix with rows formed by u, v, and w. By Lemma 1, we know det(A) =u- (v x w).

Theorem 7. Geometric Properties of the Cross Product

Let v and w be vectors in R3. Then
(a) The cross product (v X w) is a vector orthogonal to both v and w.

(b) The magnitude of v X w is given by ||v x w|| = ||v||||w|| sin 6, where 6 denotes the angle between v and
w.
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Right-hand rule

e Place your right hand in the direction of v, and curl your fingers from v to w through the angle 6
(remember that @ is the smaller of the two angles formed by the lines with directions v.and w ).

e Your thumb then points in the direction of v X w.

v Xw

Theorem 8. Test for Parallel Vectors

Nonzero vectors v and w in R3 are parallel if and only if v x w = 0.

2 Question. Let v and w be vectors in R3 and @ be the angle between them, can you express tan 6 using the

dot and cross products of v.and w?

ANS: Simee V. = IT]]- [[w][- cos T
[V wl|= 191]- 131]- 5n O

: ha'x Wil
dang = 20 IEHmm
los 6 ~ v W

<iL|{<t
SLI=L
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Theorem 9. Area of the Parallelogram Spanned by Two Vectors
Let v and w be nonzero, nonparallel vectors in R3. The magnitude ||v x w|| is the real number equal to the
area of the parallelogram spanned by v and w.

Proo-l . Amo‘ABcb = HWI l/\.

C = (V- IRl $u

sl
V!

=

VKW

=

=[ITx W
SRR by Then 7(k)

-\

Exercise 5. Find the area of the triangle with vertices (0,2,1),(3,3,3), and (—1,4, 2).

=
W
—~ >
A N B
ANS. Computing the area of the parallelogram with vertices located at A(0, 2, 1), B(3, 3, 3) and
C(—1,4,2) and then dividing by 2 will yield the area of the triangle in question.

— —
Let v and w be the vectors determined by the directed line segments AB and AC respectively.

Thenv = (3,1,2)andw = (—1,2,1) and hence

i
vxw=| 3

k
2| =(1-4,-3-2,6+1)=(-3,-5,7).
-1 1

N -

Therefore, the area of the triangle is ||v x w||/2 = ||(—3, —5,7)||/2 = v/83/2.
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Volume of the parallelepiped spanned by three vectors

Let u, v, and W be nonzero vectors in R? such that v and w are not parallel (so that they span a
parallelogram) and such that u does not belong to the plane spanned by v and w.

Construct the parallelepiped spanned by u, v, and w in the following figure. Let 9 be, 'HUL
Case 1.0 < m/2.

» - OW\JUZ- betwoon

0‘7\0’ "\_7\>( ]/’A\)

h= [l @l|cosd

2,
+W

3

Vol zllvxr\)”'fll’i“'fosﬂ

Case 2.0 >|7/2. A

9 W h=lIl)- cos (-9 )
‘% SIINY |

Vol = [l Vx| N[ east

||v x w|| is the area of the parallelogram spanned by v and w.

If @ < 7/2, the height h of the parallelepiped is h = ||ul| cos 6.

If0 > /2, then h = ||ul| cos(m — 6) = —||u| cos 8. In either case, h = ||ul|| cos 6.

Therefore,
lu- (v xw)| =|[vxwl|ullllcosd |

is the volume of the parallelepiped spanned by u, v, and w.
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e Let A be the matrix with rows as u, v, and w. By Lemma 1, we know

(/3] (%) us
det(A) =u-(vxw)=|v; vy wvs3
wp wWo Ws
e Thus, we have | det(A)| = vol(P).

e This is often refered as "the absolute value of the determinate gives the value of the volumn".

Remark. Volume and Determinate

e The notion of parallelepiped can be generalized in R™ and so does the notion of the volume of the
parallelepiped. The equation | det(A)| = vol(P) still holds once those concepts are properly generalized.

e The proof of this is not trivial. You can refer to this webpage if you are curious about it.
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https://textbooks.math.gatech.edu/ila/determinants-volumes.html
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